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Abstract: Motivated by Gibbons and Townsend's recent work, we construct Yang- Type 
monopoles in maximally symmetric space-time. We then analyze the dependence of horizon 
structure of the space-times around the 5-dimensional monopoles on the relative strength 
of gravitations to Yang-Mills interactions. We also analyze the stability of the monopoles 
against tensor type perturbations on metrics. 
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1. Introductions 

Recently, based on Yang's work || , Gibbons and Townsend Q construct a class of solutions 
to Einstein- Yang-Mills system, the Yang type monopoles of gauge group SO(2k + 2). When 
the first version of their paper appears in the arXive, we are considering a related question 
in four dimensions — we are searching for numerical solutions to Einstein- Yang-Mills-Higgs- 
Kibble system Q, so we realized that their results can be generalized to asymptotically 
maximal symmetric space-times. Very quickly, Gibbons and Townsend revised their papers 
and made this generalizations. But in the 5-dimension case, the structure of space-time 
around the Yang-type monopoles has properties which are different from that of other 
dimensions. Besides this point, there is a free parameter of mass dimension, see eq fl2.16| ) 
in the following, which is unconstrained in Gibbons and Townsend's work. However, if 
the monopole solutions are to be stable against metric perturbations, this parameter are 
not totally free. Considering this two points, we write this paper to discuss the relevant 
questions. We also noticed an earlier work discussing Einstein- Yang-Mills systems in curved 
space-time Q. 

2. General Formalisms 

We start with the following Einstein- Yang-Mills action, 

S =-^j dx D ^~g{R + 2A) - ^- J dx D ^-gF^ n F amn (2.1) 

where D is the space-time dimension. Although our title contains key-words "5-dimensional" , 
most of our formalisms apply to general dimensions. In the above actions, A is cosmological 



- 1 - 



constants, it can be greater than, or equal to or less than 0, while n 2 is the gravitational 
coupling constant. F mn fills adjoint representation of group SO(D — 2) 

pa _ a , a _ a \a , rabc *b ac (n r>\ 

Relative to Gibbons' and Townsend's works |T[, version 1, we include a cosmological con- 
stant in the Einstein-Hilbert action. In the second version of Gibbons's work, they have 
included cosmological constants in their basic actions. Because we begin to write this pa- 
per when their first version appears, we preserve this section in the current work as an 
adaptations for the relevant symbols. 

From the above action, we get the system's equation of motion 

L -_d m (V^F mn ) - i[A m , F mn ] = (2.3a) 



-(J 



2 



Rmn ~\{R + 2A)<?m„ + T mn = (2.3b) 

where we have used the abbreviations A m = A m T a ', F mn = F mn T a , remember that 

T m n — tr(F m j,F^) — g mn \iv(FpqF^"^) (^4) 
[T a ,T b ] = f abc T c , tv(T a T b ) = ^5 ab (2.5) 



Based on Gibbons's and Townsend's work pi, we seek the solution of eqs( |2.3D which has 
the form 

ds 2 = -f{r)dt 2 + f- l {r)dr 2 + r 2 dU 2 D _ 2 (2.6a) 

A t = 0, Ar = 0, Ai = S g_ _ (2.6b) 

1 + y 1 — n z 

Where £y-s are constant matrix which span the Lie algebra so(D — 2), i.e. 

Pij, S w ] = 2i(5i[ i 'Ej] k - 5fc[jSj]i) (2.7) 

{Ejj} can be thought as some linear transformation of {T a } defined in eq (|2.5| ), = r]f-T a . 
Note that in SO(N) group, the number of independent generators is ^N(N — 1), we just 



have the same number of matrices and T a . In eqs( 2.6b ), n l is a coordinate system 
which parametrizes the sphere S D ~ 2 , they are defined through the following relations 



n n- 



dn D _ 2 = {Sij + ^)dn l dn 3 =: h^dridn 3 , (2.8) 

where n 2 = 5ijri l ni . It should be noted that coordinate system {n J } covers only one half 
of the sphere S D ~ 2 , because on the equator of this sphere, n 2 = 1 so the metric there is 
singular. 
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Obviously, the only non-zero Yang-Mills field strength components are FijS. Starting 
from eq( |2,6b ), using ( |2,7| ) it can be shown that 



1 — n 2 + v 1 — n 2 



F y = r - 4 h ik h jl F kl 



1 



+ 



2(5 z[i S i]fc n'n fc 



1 — n 2 + vl — n 2 



) 



(2.9a) 



(2.9b) 



As a result of eqs( |2.6b ) and fl2,9j), Yang- Mills equation of motion ( 2.3a| ) are satisfied 
automatically. So to solve the system governed by eq( |2.3| ), we only need to consider its 
Einstein part. Note that, for the metric ansaltz ( p. 6a ), 



G r . 



while 



Rmn — -^9mn{R + 2A) 



diag. 



QP-2)[(P-3)(/-l) + r/'] + 2Ar 2 
2r 2 /-! 

{D _ 2 )[(D-3)(f-l)+rf']+2Ar 2 
2r 2 / 

{D _ 3 )[(D _ 4 )(/ - 1) + 2rf] + r 2 (/" + 2A) 
2r 2 



-fly 



(2.10) 



to{FmpFn ) /| SVnn 

tr(F p? F^) 



diag. 
diag. 



^tri^', —LtrFyF*, t^F*) --g tj ti(F kl F kl ) 
4/ 4/ 4 



i trF-F ij -—trF-F^ 



^tr(F H F^ 



According to eqs(^J) and (2J3), it can be verified that 

tr(i^) = itrC^O = P "T" 3) 



(2.11) 



(2.12) 



Substituting eqs( |2.10D , (|2.11| ) and ( p. 12 ) into eq( 2.3b| ), take its first component, we obtain 
(D-2)[(L>-3)(/-l)+r/'] + 2Ar 2 k 2 (D - 2)(D - 3) 



2r 2 



To solve this equation, we set 



+ 



2§YM 



4r 4 



/ = 1 

substituting it into eq (|2.13|) , we will get 

dM(r) D - 3 D _ 6 



K 2 M(r) 



.D-3 



dr 



4 9ym ' 



+ 



2A 

k 2 {D-2)' 



„D-2 



(2.13) 



(2.14) 



(2.15) 
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so 



/= < 



i n 2 m , re 2 1 Ar 2 ^ 



^ = 5 (2 . 16) 



2 ™ (D-3)k 2 1 2Ar 2 



1 - pj=J - 4(D-5)g 2 - 7* " (D-l)(D-2) » ^ b 



where m is an integration constant of mass dimensions. From this expression, we see that 
in the 4-dimensional case, the space time is that of charged black-holes. Note that, the 
field produced by the charges contribute positively to gravitational potentials. While in 6 
or greater-than-6 dimensional case, the field produced by the magnetic charges contribute 
negatively to gravitational potentials. Because, in the 4 dimensional case, our gauge group 
is SO(A— 2), an abellian group, while in the 6 or greater-than-6 dimensional case, the gauge 
group is SO(D — 2), D > 6, which are non-abellian groups. We suspect the positive or 
negative property of the magnetic monopoles' contribution to the gravitational potentials 
has relevance to the non-abellian-ness of the underlying gauge theories. We know, in the 
higher dimensional Riessner-Nordstrom black holes, the abellian U(l) charge contribute 
to the gravitational potentials positively. So if we can construct magnetic monopoles out 
of some non-abellian gauge theories in 4-dimensional space-time and calculate the metrics 
around them exactly, we may find that contributions from the monopoles to gravitational 
potentials are negative instead of positive. 

From our calculations, especially the ansaltz eqs( |2.6D and the final results (|2.16j ), we see 
that, adding cosmological constant in the Eistein-Hilbert action does not affect Yang-Mills 
field's configuration of the monopoles, i.e. in the asymptotically (Anti) de-Sitter space-time, 
Yang- Mills fields' configuration is completely the same as that in the asymptotically flat 
space-time. This is because, the Yang-Mills field of the monopoles has only non-zero Ai or 
equivalently Ag, A^ ... components, its A% and A r components are all zero. As a result, 
as we add cosmological constants in the Einstein-Hilbert action, although the metric's gu 
and g rr are changed, its ggg, g^ ... components does not change. So Yang-Mills equations 
of motion ( [2.3a ) does not change as we add cosmological constants in the Einstein-Hilbert 



action. 



3. Five-Dimensional Yang- Type Monopoles 

In the five dimensional case, our gauge group is SO (3), i.e. Yang-Mills field fills the adjoint 
representation of SO (3). While the metric function has the form given in the second line of 
eq( 2.16j ). From the metric function, we see that space-time around the magnetic monopoles 



has very interesting singular structures depending on the relative strength of gravitations 
K to Yang- Mills interactions gyM- 

First, for simplicity, we set the mass dimensional constant m and the cosmological 



constant A in eqs( 2.16 ) both to zero. In this case, we write /(r) as 



JYM 1 
2 9 Y M 9YM r2 
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Figure 1: The metric function of 5-dimensional pure Yang- Type magnetic monopoles for five 
specific values of k 2 /Qym- 



It can be easily find that 



K 2 

as -g— = 4e, e = 2.71828. 

9ym 



f(r) has only one zero point r = g Y M e2 (3-2) 

So, as n 2 /gyM increases from zero to 4e, the function / varies from having no to having one 
zero point. The corresponding space-time varies from having no to having one horizons. 
Then as ^/Qym increases from 4e to infinite, the space-time varies from having one to 
having two horizons. We displayed in Figure [l] f(r)'s dependence on r for some specific 
n 2 /g YM values. As long as tt 2 /g YM ^ 0, the point r = is a time-like singular point. 

Second, we consider the mass parameter m's effects on the singular structure of space- 
time around the monopoles. In this case, we write the metric function /(r) as 



/ . r) _ | _^ 2^ M + ln[ g ^r] (33) 

z 9ym 9YM r 
k 2 ■ e 4m SYM \n[e 2m 9YM . gy 2 M r\ 



2 9 YM 



(3.4) 



so 



K 2 . ( Amg\ M 

as g = 4e, e = 2.71828... 

9ym 

f(r) has only one zero point r = e~ 2m9vM ■ gyM e * (3-5) 

As a result, if m > 0, we will find that relative to the zero m case, the minimum point of the 
function f(r) moves to the bottom-left direction; while if m < 0, the minimum moves to 
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the top-right directions. The larger is \m\, the more the moving amount. We displayed in 
Figure [2| /(r)'s dependence on r for three different values of mg\ M and fixed k 2 jg\ M = 2. 
From the figure, we can see that if for some too less value of k 2 jg YM and m = 0, the 
space time has no horizons, but as long as we change m to large enough values, we will 
find horizons, behind which there is another horizon or a time-like singularity. Contrarily, 
if for some very large value of K 2 /g YM and m = 0, the space-time has two horizons, but as 
long as we change m to appropriate values m < 0, we will find that the horizons become 
degenerate and even disappears at all. 

9 rm 1 




Figure 2: The metric function of 5-dimensional non-pure Yang- Type magnetic monopoles of 
K /9ym = ^ but with three different values of mg YM 



Third, let us consider the effects of cosmological constants on the singular structure of 
space-time. For this purpose, we write 

= _ k 2 • e^M ln[e 2 "^M ■ ^ r ] _ 

*&M e Am9 ™ ■ 9YM r2 6 

So, if the cosmological constants are small enough, concretely |A| << e im9 YM ■ sy^e -1 , 
then except the asymptotical behavior, the singular structure of space-time around the 
monopoles keeps almost the same as that of eq (|3.4j ). On the contrary, if |A| >> e im9 YM ■ 
9yM e ~^ "> then the space time will only have cosmic horizon determined by A > 0, the 
Yang-Mills monopoles introduces no horizons to the space-time around. In the region, |A| 
is comparable with e 4 " 19 ™ • ^y^e" 1 , the singular structure of space time will depend on 
the three parameters K 2 gy 6 M , mg YM and A^ yM in more complicated patterns. 

Finally, let us show that the near horizon geometry of the above first two cases is 
that of AdS2 X if the parameters of the system are chosen so that the two horizons 
degenerate. For this purpose we write the metric function /(r) as 

lnr 

f(r) = 1 - 2e-^ (3.7) 
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where we have translated all the relevant quantities dimensionless. Note that in this paper, 
e = 2.71828... is the base of natural logrizm, which has nothing to do with electro-magnetic 
coupling constant. Obviously, f(r)\ r=e = 0, f'(r)\ r=e = 0, f"(r) = 4e _1 , so if we let expand 
/(r) around r = e, we have 

f(r)=4e- 1 (r-e) 2 =:x 2 (3.8) 

result 

ds 2 = -x 2 dt 2 + x~ 2 dx 2 + e 2 dnl (3.9) 
which has the standard form of AdS2 x S 5 . 



4. Stability of The Monopoles Against Metric Perturbations of Tensor 
Type 

In this section we study the stability of the Yang type monopoles under the perturbation 
on space-time metrics. The study of perturbations on the Yang-Mills field configurations 
are more complicated than that space-time metrics, we leave them for future works. For 
simplicity, we will focus on metric perturbations of tensor types. 
So, start with 



ds 2 = -f(r)dt 2 + r\r)dr 2 + r 2 d£l 2 D _ 2 

i K 2 m , k' 2 1 Ar 2 7-> a 

1 ~ r J~2 Z7I q-, D — 4 



f= 



1 _ 4» _ 2f MgyiTl _ Ari, D = 5 (4.1) 

r ^9ym r n 

i _ K 2 m __ (D-3)k 2 1 _ 2Ar 2 n > fi 

1 r 17 ^ 4(D-5)g 2 M 7 1 (D-l)(D-2) ' u - U 



we write the tensor type perturbations of metric as 

Sgab = 0, Sg ai = 0, Sgij = r 2 HT {j (4.2) 

We will use index a, b to denote t, r coordinate, while i, j to denote 6, <fi etc, Di is the 
covariant grad operators on the transverse sphere, D a is the covariant grad operators in 
the {t, r} space, [Bj. In the above ansaltz, Tij is tensor harmonic function on the transverse 
sphere S D ~ 2 and satisfy 

[DjD j + 1(1 + D- 3)]T^- = (4.3) 

where I is the angular quantum number which takes integer values. Under the perturbations 
eq(4 ; 2), the first order perturbed Einstein Equations leads to 

{D a D a H + (D- 2)r' 1 fH' - 1(1 + D - 3)r~ 2 #} = (4.4) 

D — 2 _ 

Let H = J2ui e~ tujt r~^~c/)(u!, r), eq(pP]) becomes 



Or(fO r 4>) + [U f - ( ^ 1 1 — )\(f> = (4.5) 



r 4r It 
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Introducing tortoise coordinate dr± = f dr, the above equation further simplifies to 

3A4> + [to 2 - V{r*)]<t> = 

In the stability analysis of black holes in higher dimensions [0], we know that if the 
operator 

A = -dA + V(n) (4.7) 
appearing in eq([0]) is positive and symmetric with respect to the inner product 

POO 

<<f>l,<h>= eMi(r*)0 2 (7v), (4.8) 



then the space-time configuration is stable under tensor perturbations. A statement which 
is more simple in operations about the stability of black holes against perturbations is, as 
long as the potential appears in eq([0|) is positive (or although contain negative part but 
the minimum is finite) in the range rh or i zon < r < oo, the space-time around the black hole 
is stable, otherwise it is unstable. 

Now we borrow this result into our analysis of Yang type monopoles. In the case of 4 
dimensions, if the mass parameter m > {ngy m)~ 1 , the space time around the monopole is 
a standard Riessner-Nordstrom black hole, and the potential V(r+) is positive in the range 
r horizon < t < oo, so the space-time configuration around it is stable. On the contrary, if 
m < (kqym) ■> the space-time around the monopoles has no horizon, and the potential 
function of eq( |4.7| ) V(rv) — ► — oo as r — ► 0, so we conclude that the space-time configuration 
around the 4-dimensional Yang-type monopoles is unstable against tensor perturbations if 
the mass parameter m < (rtgYAf) ■ Considering the effects of cosmological constants does 
not alter this conclusion jSJ. 

In 6 or higher dimensional cases, the space-time around the monopoles are different 
from that of higher dimensional Riessner-Nordstrom black holes since the sign of the mag- 
netic charge contributions to gravitational potentials are negative. Because of this, as long 
as the mass parameter m > 0, the space time around the monopoles has non-zero horizon 
radius and the potential function of eq (|4.7|) V(r*) > as r horizon < T < oo, so we conclude 
that the space-time configuration around the 6 or greater-than-6 dimensional Yang-type 
monopoles is stable against tensor perturbations if the mass parameter m > 0. If m < 
but \m\ is small enough so that space-time has non-zero horizon radius, the space-time con- 
figurations around the monopoles will be still be stable. It can be shown that the sufficient 
condition that space-time has non-zero horizon radius is 



m > 



(£> - 5)2 D ~ 4 



9YM 



D-3 

(4.9) 



However, if m < but \m\ is so large that the space-time has only zero horizon radius, the 
potential function in eq( [4.7| ) V(r*) — ► — oo as r — > 0, so the space-time configurations will 
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be unstable against tensor perturbations. Considering the effects of cosmological constants 
does not alter this conclusion ||. 

From the above analysis, we find that as long as the parameters of the system are 
chosen so that non-zero horizon radius exist, the space-time configurations around the 
monopoles will be stable. Otherwise, the space-time configuration will be unstable. We 
verified that this is the case in 5 dimensions either. 

5. Summaries 

In the first section of this paper, we generalize Gibbons and Townsend's construction of 
Yang-type monopoles to maximally symmetric space time and find that the asymptotical 
property of space-times does not change the configuration of the monopoles. In the second 
section of the paper, we analyzed the singular structure of the space-time around the 
five dimensional Yang-type monopoles. We find that, even the pure Yang-type monopoles, 
which has no explicitly introduced masses, could have non-trivial horizon structures as long 
as the relative strength of gravitations and Yang-Mills interactions is chosen appropriately. 
This is a phenomenon which is not mentioned by Gibbons and Townsend. In the final 
section of the paper, we analyze the stabilities of the Yang- Type monopoles under the 
tensor type perturbations on space-time metrics. We find that as long as the parameters 
of the system are chosen so that non-trivial horizons exists in the space-time around the 
monopoles, the space-time configuration will be stable against the perturbations. 

We wish our works will be relevant in the study of AMNV's weak gravitation conjec- 
tures using Ads/CFT. Because, as we have seen in the five dimensional case, the relative 
strength of gravitations and Yang-Mills interactions directly determines the singular struc- 
ture of the space-time. While ANMV's conjectures are just about the relative strength 
of gravitations and some U(l) gauge interactions. We know that the magnetic monopoles 
and U(l) gauge interactions usually occurs accompanying the spontaneous break down of 
some larger non-abellian gauge symmetric theories. 
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